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Abstract—The asymmetric problem of a vibrating circular elastic plate in frictionless contact with an elastic
half space is solved by an integral equation method, where the contact stress appears as the unknown
function. By a trigonometric expansion, the problem is reduced to a number of uncoupled two-dimensional
problems. The radial variations of contact stresses and surface displacements are represented by poly-
nomials, the coefficients of which are directly related by an infinite matrix that is a function of the vibration
frequency. The results include a parametric study of the power input as a function of the vibration
frequency of various plate stiffnesses and the normal component of the surface displacement field for
simple excitation of the plate and passage of a plane Rayleigh wave.

1. INTRODUCTION

Problems concerning vibrating elastic plates in contact with an elastic medium are important in
a number of practical applications. Perhaps the most interesting is that of a piezoelectric
transducer mounted on a structure or test specimen. In that case special care is taken to obtain
well defined contact conditions, and the frequencies are high enough to justify a detailed
dynamic analysis. Such analyses have been performed for a number of contact problems for
rigid discs, mainly by use of dual integral equations. A review has been given by Luco and
Westmann[1]. The rigid disc formulation may be adequate in connection with soil-structure
interaction problems, but in the case of piezoelectric transducers the stiffness moduli of the
plate and the medium are of the same order of magnitude, and the plate must be treated as
elastic. In this case it is more direct to formulate the problem in terms of one or more singular
integral equations as demonstrated recently for the axisymmetric problem in {2]. Here the
approach of [2] is generalized to asymmetric problems.

The problem under consideration is shown in Fig. 1. A circular elastic plate with radius a and
thickness H is vibrating at the angular frequency » while remaining in frictionless contact with
an elastic half space. Shear modulus, Poisson’s ratio and mass density are yu,, v,, p, and py, v,
px for the plate and the half space, respectively. All physical quantities of the problem that vary
with the time ¢ contain this dependence through the factor exp(iwt). When 4/atf is replaced by
the factor iw and all dependent variables are allowed to take complex values, the time factor
can be omitted. This convention is adopted here.

The main features of the method are the following. Because the interaction between the
plate and the half space takes place through the normal contact stress o,,(r, #) the problem is
conveniently formulated in terms of this function. It is possible to decompose the original
three-dimensional problem into a series of independent two-dimensional problems by use of a
Fourier expansion in the angular variable 8. The contribution of order m is termed o 7,(r). When
the expansion coefficients of the normal displacement of the contact surface are called w™(r),
any linear theory of flexible plates that uncouples the different Fourier terms and assumes
constant plate thickness leads to a relation of the form

w"'(r)=La W, ) pm () dx, m=0,1,.. (L.1)

where p™(x) is the Fourier expansion coefficient of the total load p(r, 8) = q(r, ) + o,,(r, 8) on
the plate. This load includes any external normal excitation q(r, 6).
Similarly the normal displacements introduced in the half space by the contact stresses

tPart of the work was carried out while one of the authors (H. S.) was at the Structural Research Laboratory of the
Technical University of Denmark.
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Fig. 1. Circular plate on elastic half space.

on(r) are of the form
W (r) - Bm(r) = L C Wi ) omx)dx, m=0,1,.. 12

Here %™(r) are the expansion coefficients of any normal surface displacement that may be
present in the absence of the plate. This is the most interesting kind of excitation in connection
with piezoelectric transducers.

In the relations (1.1) and (1.2) the functions ¢™(r) and %™(r), m =0, 1,... are prescribed,
while w™(r) and o™(r), m =0, 1.. are unknown. The condition of frictionless contact over the
full plate contact surface allows elimination of w™(r) leading to the series of integral equations

L * R, x)- Wi o) dx = - B+ [wrenawas,

m=0,1,.. (1.3)

These integral equations are of the first kind, but a logarithmic singularity in wi(r, x) leads to
square root singularities in o%(r) at » = a and a numerically stable solution. On the other hand,
the singularities call for special numerical integration formulae. After derivation of the
necessary influence functions wj(r, x) and wj(r, x) in Sections 2 and 3 the numerical solution
technique is treated in Section 4. Examples dealing with the rocking mode of the plate, and the
normal deformation of the half space due to plate excitation and wave passage are presented in
Section 5. Results for the limiting case of a rigid disc are also included,

2. THEHALFSPACE
A cylindrical coordinate system is introduced with the elastic half space occupying z=0,
Fig. 1. The cylindrical displacement components are u, v and w. As is well known the equations
of dynamic elasticity are satisfied by displacements derived from the scalar potential ® and the
vector potential W by the formulae[3]

_i, 10¥, ¥,
Y= tr e an @n
130 a¥,_a¥, 2

rag az ar

_o0, 120r¥)_13Y,
W=t rae 23)

where the potentials satisfy

Vig=— T (2.4)
L
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rgy | 30 25
V\F_EW 2.9

c. and cy are the velocities of longitudinal and transverse waves, respectively[3].
In (2.5) the equations for ¥, and ¥, are coupled. It is therefore convenient to express ¥,
and ¥, in terms of a scalar potential A in the form

‘Pr aryy (2-6)

Vo=—— 2.7

where A satisfies the equation

2. 1 A
VA= PR (2.8)

A term of gradient form has been omitted from (2.6) and (2.7), as it can be included in ¥,. In the
following the subscript z will be dropped, and the displacement field will be derived from the
three scalar potentials ®, A and ¥ satisfying (2.4), (2.8) and

g 1 W
V‘lf—?;?. 29

The following is restricted to vibrations with angular frequency w.

Displacements, stresses and potential functions will be written in complex notation and will
contain the factor exp (iwt), without this factor appearing explicitly in the formulae. The
potential functions are expanded ast

n.0,0= 3, &"(n, ) {‘;‘l’: ((,':g))} 2.10)
Am.6.0)= 3 A™(n.0) {:’: ((,'n"g))} @11
a0 S im0

where n = rfa and { = z/a are dimensionless coordinates. a is a characteristic length that will
be taken equal to the radius of the plate. When these expansions are substituted into (2.4), (2.8)
and (2.9), use of the Hankel transform yields the integral representations

O"(n, 1) = a® L " A™(s)s €% I (ns)ds @.13)
A™(n, ) = @ fo " B™(s) e~ W . (ns) ds Q.14
Y™ (n, {) = a fo " C™(s)s €9 I (ns) ds @.15)

where J,( ) is the Bessel function of the first kind of order m. A™(s), B™(s) and C™(s) are

1Use of the complex form of the Fourier expansion would require introduction of an imaginary unit different from i already
used in the time factor.
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arbitrary complex functions, while

(s2_h2)ll2 s>h

a(s)={ i(h— s |s|<h (2.16)
—(s2-R)? s<-p
and
(SZ_ k2)l/2 §> k
B(S) - i(kz—Sz)llz Isi < k . (217)
-k s<—k

The dimensionless parameters h and k are the relative wavenumbers of longitudinal and
transverse waves, respectively.

h? = (93)2 _11-2y wzazg_,, 2.18)
CL 21-n '
: 22
p=(2) e @.19)

V» M, Pa are Poisson’s ratio, the shear modulus and the mass density of the half space. The
three independent solutions given by (2.13), (2.14) and (2.15) correspond to those obtained by
direct integration by Sezawal[4].

The displacement components w(n, 8, {) and u(, 6, {) are expanded like (2.10) in terms of
w™(n, {) and u™(n, {), while v(n, 6, {) is expanded like (2.12) in terms of v™(n, {). The
expansion coefficients follow from (2.1)(2.3).

2 2
w0 =20, 0+ (L) Amn. 0 220)
w0200 = (£ ) [erm o+ Lammosvan]  ea
By use of the relation
d _m o
(£52) dntrs) = = s pes(ns) o)

integral representations for the displacement expansion coefficients are obtained in the form

0

w™(n, Ola =I {— A™(s)s a(s)e @+ B™(s5)s® e"“““’] Jn(ns)ds 2.23)

(1]
(W™, ) o™ (n, Ol = ]o (T A" (s)s? e~ )+ B (5)s B(s) e~

+ C™(s)s? e~ P} J,.(ns) ds. (2.24)
When the stress components a,,(n, 6, {), g.(n, 6, {) and g,,(7, 6, {) are expanded like (2.10),

(2.11) and (2.12), respectively, integral representations for the expansion coefficients follow
from differentiation of (2.23) and (2.24) by Hooke’s law.

o Ol = f " {A™(5) 257 - K)s ¢~ — B (5)252B(s) "B} To(ns)ds  (2.25)
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[0%(n, )+ o(m Oliua = fo (£ Am(s)25%a(s) e~

F B™(s) (257~ k?)s e~ %B0 — C™(5)s?B(s) ~#“} J..1(ns) ds. (2.26)

It is noted that the index m only appears in the integral representations (2.23)}-(2.26) through the
order of the Bessel functions. For m =0 the axisymmetric problem described by A%s) and
B°(s) uncouples from the torsion problem described by C%s).

If either the normal stress or the shear stress vector on the surface z = 0 vanishes, contact
problems for the circle can be formulated by eliminating two or one of the series of arbitrary
functions A™(s), B™(s) and C™(s) and then proceeding to an infinite series of dual or singular
integral equations. In the present context, where compability of the representations of surface
stresses and displacements with those of the plate is essential, the use of a singular integral
relating surface stresses to surface displacements is the natural choice.

In the frictionless contact problem use of eqn (2.26) with ¢ =0 yields

2_p2
A™(s5) = 22sm ( s") B"(s), m=0,1,.. (2.27)
C"(s)=0, m=0,1,.. (2.28)

It is seen that the normal load does not excite oscillations associated with the potential ¥(n, 8,
). Substitution of these relations into (2.25) and inversion give the functions B™(s) in terms of
the expansion coefficients of the contact stress coefficients a7(n, 0).

meoy sa(s) A"
B™(s)= (sz—l/2k2)2—s2a(s)B(s)2p,,. o o z(n,0)n Ju(ns) dn. (2.29)

In the absence of normal stress for > a the upper limit of the integral can be changed to 1. By
use of (2.27)+2.29) in the integral representations (2.23)-(2.26) the displacements and stresses in
the half space are given in terms of the yet unknown contact stresses. In particular the normal
surface displacement due to the contact stress a7(£, 0) is

2 oo 1
wrn )= [ oneoen@deds. @

This is the integral f§ wi(n, £) on(£ 0) d¢ from (1.2). Its numerical evaluation is dealt with after
treating the corresnonding integral for the elastic plate.

3. THEELASTIC PLATE
The elastic plate is described by the equations given by Mindlin[5] including the effects of
transverse shear deformations and rotatory inertia. Both effects are accounted for by including
the angular displacements (¢, ;) as independent variables. The equations of motion are
conveniently formulated in terms of the transverse displacement of the mid-plane w(r, ) and
two potentials ¢(r, ) and x(r, 8) that determine ¢, and ¢, by the relations

_9 1oy

¥ = ar T 790 G.n
_ldp oy

Yo rod ar 3.2)

The equations of motion follow from the eqns (16) of Mindlin's paper(5].

3 42
DVi$ — i, HVHw + ) =22 2 v3g (3.3)
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l_ 3 32
152 D Vix - ki, HV3y = B850 2 Vix 64
2 —_ 62 —
Viw+¢) —;@i:;p Wb o 3.5)

H is the plate thickness, and »,, u, and p, are Poisson’s ratio, the shear modulus and the mass
density of the plate. D= H’u,/6(1-,) is the flexural rigidity and «* the shear stiffness
coefficient accounting for nonuniformity of the transverse shear stress distribution. A parabolic
distribution leads to x* = 5/6, while matching of the thickness shear frequency gives «*> = #*/12.
Finally p is the normal load per unit area.

It is convenient to introduce the dimensionless parameters

r=Hla (3.6)
2 _ 12‘(2
ws——ﬁypi:ﬂ 3.7

_ 2
ok= _T_L—H TETAS 3.8)

the dimensionless variables n = rla, £ = x/a and the differential operator

1 o _ld 9 18
Vimavi=i Lyl g (39)

3 |-

a is the radius of the plate. ‘
After introducing the time dependence through the angular frequency o the differential
equations take the form

Wi (%) o0+ 8)+(2) 6 =0 6.10)
PVi(w+ )+ 12(;"-’;)2“(9’&-:)2%3*0 @11
PVox - 12&2(1 - (;“is)z)x =0. (.12

It is noted that the last equation uncouples, and that modes associated with the potential y are
not excited directly by a normal load.
The potential ¢ is most conveniently expressed in terms of w by (3.11), and elimination

yields
((Pr3e(2)) (7o (2))-2(2) I
=[1- 72(-‘35)2 vi- (wﬂs)z] £ (3.13)

The eqns (3.13) and (3.12) are of the form

Wg

(V2 + 8%(w)]) [V + 63(w)]w = [1 - r’(;);)zvz, - (9-)2] %ﬂ (3.14)

[VZ + 83(w)lx =0 (3.19)
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2?28¥,1(&))=12(—§;)2+(i)2i \/([xz(ﬁ";)2 (ws)] a2 )z) (3.16)
26%(w) = 12« [(—-s) —1] G.17)

8%w) is positive for all values of w, whereas 83(w) and 8%(w) are negative for 0 < & <ws and
positive for ws < @ For 0 < @ < ws the notation §Y(w) = |i§(w)l, =2, 3 is introduced.
The moments and shear forces are given in terms of the displacement functions w, ¢, and

where

o fL 1 2)
Ma= L3 p[L (2 )4 28] 620)
0 [0+22] 621

law}

Q= [+ 5 G2

Now the solutions corresponding to concentrated ring loads of magnitude {cos (m#6)/sin (m8)},
m=0,1,...at x= &z on a free plate are derived. These solutions are of the form

w80 = w3 &) {200 () 623)
¢o(n, & 0)=¢?(mf){‘;?: ({;‘g))} (3.24)
X1 & 8)=xI(n &) {_s:;:gz)} (.25

and similar for the moments and shear forces. The solution of order m satisfies the homo-
geneous equations (3.10)-(3.12) for 0 <y < £ and ¢ < 5 <1 and the discontinuity condition

Qr¢-.o-QM ¢+, =1 (3.26)

Furthermore, w,(n, £}, 6:{n, &), ds(n, &), M(n, &) and M,{n, §) are continuous at n = £ and
M1, 86 =M,(1,6)=Q(1,8=0.

It is convenient to replace the continuity conditions on ¢,, ¥, M, and M,, with continuity
conditions on the potentials ¢ and y. It follows from (3.18) and (3 20) that the continuity
conditions on M, and M, can be replaced by continuity conditions on 3y,/3n and 3y 3. By
differentiation of (3.1) and (3.2) V¢, and V2, are expressed in terms of continuous functions,
and thus ¢, and y, are continuous by (3.10) and (3.11). Finally (3.1) and (3.2) then imply
continuity of d¢,/an and dx,/an. Thus the continuity conditions may be imposed on w,, ¢,,
3,1 3n, x, and dy,/n, while the discontinuity condition (3.26) can be written as

2 me-, f}———w,(e ==, 627

TK fip
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For 0 < @ < wg the solution is

wi(n, €)= CT(&) Jm(81m) + CT(6) In(83n), O<n=<{ (3.28)
+ C3(8) Yu(8im) + CF(€) Ku(d%m), E<n<I (3.29)

and
Xy (0,8 =C7§) I.(83n), O<ps<l (3.30)

The potentials ¢™(¢, n) follow from (3.10) in the form

850+ win, B =15 (2 )[—ﬁil (8.n)+—5§i1(stn)] 0<n<é (331)
(830, O+ witn O] =15 (2 )[g—§i1 @, n)+C‘(§)1(5§n)

+y.om+ L kot g<n<t 6.32)

The arbitrary functions C(€), j=1,..., 7 are determined from the following system of
equations. The first two equations express continuity of w™ and (w™ + ¢™), and the next two
prescribe the discontinuity (3.27) of their derivatives at n = & The last three are the homo-
geneous boundary conditions at n =1,

For ws < w the eqns (3.33) must be modified as follows. The coefficients of CT(¢), C7(£) and
Cg§'(¢) are identical to those of CT'(¢£), CT(£) and CT(§), respectively, but with §, replaced by
8;. In the last column of the matrix /,,( ) must be replaced by J,.( ), and 6% must be replaced by ;.

For any given value of ¢ solution of the equations (3.33) and substitution of CJ'(¢) in (3.28)
and (3.29) yield the kernel w;'(n, £) of the integral in (1.1). The necessary modifications of the
procedure for rigid plates are discussed in connection with the numerical solution in the next
section.

4. NUMERICAL SOLUTION TECHNIQUE

The numerical solution follows a technique developed in[6] and[2]. It rests on the fact that
the kernel of the integral equation (1.3) is bounded apart from a contribution of the form

af~ t -
S L) R U AT Y “n

identified by introducing the following limit in (2.30).

. : sa(s) _
:I/:r-lln 41-1,) (82 - 1/2‘(])2 - sza(s)ﬂ(s) =-1 4.2)

When the contact stress o0(¢, 0) is expanded as a series, the integral (4.1) defines a series
expansion suitable for the deformations. As shown in [6] a convenient pair of expansions in
terms of orthogonal polynomials is

g n(6,0)=(1- ) 20 SP P (V1= )P 25(0) 43)

” 21
Wr0,00= 0 5 W1 gt Pa®) PR (VO = 1) (@4
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P™ is the Legendre function of the first kind[7], and the normalization factor in (4.3) is

m (=)™ 2m+2j)!
Pm#zi(o)“ 2m+2/ 1!(m+’)|

4.5

Proa(V(1-¢Y) is ¢ times a polynomial of degree j in £ It is noted that the contact stress
a™(£, 0) exhibits a square root singularity represented by the factor (1 — £2)~'. Expansion of
the forms (4.3) and (4.4) were used for a static half space problem by Gladwell {8].

In the calculations the following result from[6] is needed.

Il pm ! _E
[ BN 1 7 g1 65) g = (- i) 48)

Jw( ) is the spherical Bessel function of the first kind of order m[9]. With (4.3) and this result
(2.30) takes the form

wm Q(S)SJ (ns)]m+2 (S)
0= 2 ST g [ g @

The denominator has one root on the positive real axis corresponding to Rayleigh waves.
When the path of integration is indented into the upper half plane at the pole the Rayleigh
waves diverge thus satisfying the radiation condition at infinity.

By substitition of the expansion (4.4) and use of the orthogonality relation for the Legendre
functions[7]

1 Qm+2)! j#l
2m+4l+1 Q) j=I

[ PRaV - m0PE v -y g - @8)

(

the following formula for W in terms of the coefficients ST, j=0, I,..is obtained for the
surface deformation of the half space due to contact stresses.

Wr=02m+4l+1) g (—1y*sr A7 (4.9)
where A7 is the symmetric matrix

k? = a(s)s

AT ="Z1=w) Jo TP - ST 0BGs

)1'..+z;(s)1'..m(5) ds. (4.10)

Direct numerical evaluation of (4.10) would be rather inconvenient. By contour integration in
the complex plane the following expression is found (see the Appendix of [2]).

ik EMER— Y)VI(ER- )
41-3)30-Y)ér-G-2yNr+112

Af=- B2 {(KER ) jim+2u(kER)

ik g I
- Jo @ TF% EV(= =) ot KOim etk A

f E-)EV(1-8)
W-n)), E-1D'+E1-)(1-6) (& -

) h %o (kE)jmsu (kE)AE, j< I (4.11)

h@( ) is the spherical Bessel function of the third kind[9], and y a material constant.

11—21",

hYK? =
Wikt =53¢

4.12)
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£ is the relative wave number of Rayleigh waves with respect to k, i. e. the positive root of
E-1D-EVE-DVE-y)=0 4.13)

For j> [ it is used that A} = A}. When several values of m are considered the computations are
further reduced by the recurrence relation

A} = Al (4.14)

If in addition to the contact stresses the half space surface is deformed by the wave w(n, 6),
trigonometric and polynomial expansion similar to (2.10) and (4.4) give the expansion
coeflicients ﬁ' which must be added to the right side of (4.9) in order to obtain the total
surface dct‘ormanon.

In order to obtain a relation similar to (4.9) for the plate, the plate influence function w}'(n,
£) is expanded in terms of Legendre functions.

T win 0= 3 5 BRam +4]+1) g o eP R /(1 - E)P Ry O

X(@m+41+ 1) 5o "o (zi)zl),P:,,,(\/u P)PT(0), 0<n <. 4.15)

Although w}'(n, §) is continuous, it follows from (3.27) that its first derivative exhibits a finite
jump at 9 = & In order to evaluate the coefficients BF accurately without excessive numerical
effort the discontinuity was extracted and expanded analytically, while the remainder was
expanded by use of the orthogonality relation (4.8) and Gaussian quadrature.

When the contact stress in the form (4.3) is substituted in (1.1) the resulting plate
deformation has the expansion coefficients

wr =—TZ—-“—(2m +41+1)§‘, S™By. (4.16)
P

The non-singular external load is accounted for through the expansion

O cos (mé)
a6.0)= S am@ {5 im} @17
where
';—h"* () =& g NT(1- 8 4.18)

The displacement contribution from the external load is found by use of the formula—[7], 3.12
25),

Lol _ gk pm _ e 2m+2)) k!
jos (1- 9 PV - @) g =(- 1) gy T A K

(4.19)
where (z);=2(z+1)... (z+j—1) is Pochhammer’s symbol. By combination of (4.15), (4.18)

and (4.19) the expansion coefficients for plate displacements due to external load can be written
as

wpr= —Z—L(zm +ai+n S By EM; N7 (4.20)

Hp j=0 k=
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where
Lod 1
M“ (7,.1—27‘(2"! +4j+ l)m(k‘f':;/z—jhp:ni(o). 4.21)

Now all contributions to the normal surface deformation of the half space and the plate have
been expressed in terms of expansion coefficients. The contact condition eliminates the normal
displacement and yields the following infinite systems of equations

< +lam 1- m m
@m +41+|)I§[(— A7 +ﬁ"f:f53,]s,
+(2m+4l+1);)[—21‘—3"?;M,N"'], mi=0,1,2,... (422

An approximate solution to (4.22) is obtained by suitable truncation of the infinite series.
Examples are given in the next section.

In the limiting case of a rigid disc, u, =, the only nonvanishing displacement expansion
coefficients in (4.4) are W and W{. The relation between these coefficients and the load on the
plate is determined by a special form of the principle of virtual work.

a r2w
J; A [p(r, 8) — w*p, Hw(r, 8))w(r, 6)r dr d6 =0. 4.23)
The result amounts to the following replacement of the matrix Bj.

Yy i=1=0,m=
2PPP;(1_—V,.),}10,MO

1-y, 16 1 .
_ly'_h m ——& == =
(2m+4l+l)l_ykup8ﬂ—’ 3p’m, ] l 0,m 1
0 else. (4.24)
S. EXAMPLES

Axisymmetric vibrations of elastic and rigid plates have been treated in[2). Here similar
results for the rocking mode, m = 1, will be presented. The simplest case is that of a rigid disc
investigated experimentally by Arnold ef al.[10]. The angular amplitude is |w'(a)l/a = 1/2] W},
and Fig. 2 gives the dimensionless parameter |w'(a)u,a’/M,i, where M, is the moment
amplitude, as a function of the dimensionless frequency k = waV(pyus). The parameter
b' = IJ(pua®), where I, is the moment of inertia about a diameter, characterizes the influence of
the mass of the plate. In this particular case the inertial force is in phase with the displacement,
and the influence of the mass can be accounted for explicitly. The agreement between theory
and experiment can be improved somewhat by assuming a small but finite value of v,, e.g.
v, = 0.05, instead of the value », = 0.0 given in[10} and used in Fig. 2.

For low values of the frequency and rigid plates the results of the present theory do not
deviate much from those of Bycroft[11] based on the assumption that the distribution of the
contact stresses is the same as in the static case. When the frequency is increased or plates with
finite stiffness are considered the stress distribution is radically changed and the full analysis is
necessary. The effect of this is illustrated in Fig. 3 giving a dimensionless form of the average
power input for a linear variation of the external load on three plates, N\ =1, i. e. q(r, ) =rla
cos 8 u /(1 - »,). The dimensionless form used is

Lon () ). {3 R @sn+} 3 3t re@msm)

M m-l =0

s.D



HEeNRIK SCHMIDT and STEEN KRENK 103

6

NN R
—;b=2'2.7ﬂ 067
EL
Byl LML haat
3
22 -
x Y

0

1
0 02 04 06 08 10 12 14 16 18 20
k

Fig. 2. Amplitude factor for rocking of rigid disc for various values of the inertial ratio b' = Lf(pya®).
Experimental results replotted from[10).

obtained by application of the following relation for the time average[3]
(Re[FIRe[f]) = 1/2Re[ Ff]. (5.2)

The parameter values are 7=0.2, », =0.25, v, =0.33, p,/p, = 3.0 and the three stiffness ratios
pplitn = 0.1, 10.0, o,

It is seen that decreasing relative stiffness of the plate increases the power input at
resonance and introduces an increasing number of secondary resonance phenomena. These
findings are similar to those in[2] for axisymmetric vibrations of plates under uniform load.
Figure 4 shows the normal displacements of the plates at 6 = 0 and phase angles 0, »/3 and 2/3
for the frequency k =2.5. It is observed that the most flexible plate is close to having a node at
the boundary at @ = 0, and this appears to correspond to a minimum of the power input curve of
Fig. 3.

Not only the behaviour of the plate but also the waves propagated through the half space
are of interest, theoretically as well as in practical applications, e. g. to transducer calibration.
Here attention will be restricted to the generation of surface waves. The surface displacement
w™(n, 0) is given by the double integral (2.30), and when the contact stress has been expanded
in (4.3) through the series of single integrals (4.7). For <1 this formula was used in
connection with the orthogonal expansion (4.9) of the normal displacement to determine the
matrix A7. For n > 1, i. e. on the half space surface outside the plate, use of a preconceived
expansion for the displacements may obscure the basic features of the waves. Therefore the
surface displacement w™(n, 0) for > 1 is evaluated directly from (4.7). While the integrand in
(4.10) is symmetric for large values of s, the integrand in (4.7) is antisymmetric. This
necessitates a modification of the contour integration method used to reduce (4.10). In this case
also a contribution from integration along the positive imaginary axis is present.

m ___imk - YIVER-D & yom:
w ("I,o)/a - 4(1_ Vll) 3(1__‘; R_(3_2 R)£R+ 1/2 H(nzl) (nkfk)l%( l)lsl ]m#ZI(kfk)

f Y 2 _ g2 @
R, ETA AV e VST hmeai(ke) ¢
ik 1 2_ 3\/ 1-& ® .
- T s H ko) 3 VST (ke a6
_k _m2f EV(E+
T 2, ET V@V Keh0 B VST
n>1 (5.3

H®( ) is the Bessel function of the third kind[9]. The summations are truncated to the number
of coefficients available from the solution of the contact problem, and the integrals are
evaluated numerically.

Due to the oscillatory nature of the Bessel function HP(nk¢) for large values of 7 the far
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Fig. 3. Dimensionless power average for rigid and elastic plates with linear load distribution g(r, 8) =
w/1- v, rla cos 8.
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Fig. 4. Normal displacements at @ =0 for rigid and elastic plates at phase angles wf =0, =3, 24/3 and
dimensionless frequency k = 2.5. Linear load distribution q(r, 8) = u,J1- », rla cos 6.

Fig. 5. Normal displacement field for pp/p, =100, k=2.5 and uniform load distribution,
q(r, )= 112 u(1 - n).

Fig. 6. Normal displacement field for p,/u, = 10.0, k =2.5 and linear load distribution,
q(r, 8) = uy/(1 — vy) rla cos 6.
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Fig. 7. Normal displacement field for u,/p = 10.0, k =2.5 and a plane Rayleigh wave,
#(r, 8) = al$ exp (~ikgrla cos 0).

field will be dominated by the first, explicit term, which is a Rayleigh wave travelling away from
the plate. The intensity of this wave is determined by a weighted sum of the contact stress
expansion coefficients ST, and as observed by Sezawa[4] the wave number is independent of
the order m and equal to that of a plane Rayleigh wave. In the limit k -0 the static solution is
obtained from the last integral. Computational results are shown in Figs. 5-7. In all three cases
the parameters are those used above with the stiffness ratio su,/u; =10.0. The frequency
corresponds to k = 2.5.

Figure 5 shows axisymmetric vibration for uniformly distributed load, Fig. 6 shows rocking
vibration for linear load distribution, and finally Fig. 7 shows the passage of a Rayleigh wave. In
all three cases the influence of the integrals in (5.3) is restricted to a narrow zone around the
plate.
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